It is known that the number of vertices of a graph of diameter two cannot exceed d 2 +1. In this contribution we give a new lower bound for orders of Cayley graphs of diameter two in the form C(d, 2) > 0.684d 2 valid for all degrees d ≥ 360756. The result is a significant improvement of currently known results on the orders of Cayley graphs of diameter two.
Introduction
Networks (optical, interconnection, etc.) are usually modeled by graphs (digraphs), where nodes of the network are represented by vertices and communication lines are represented by undirected (directed) edges. Therefore the designing of networks is closely linked to constructing (di)graphs with some preassigned properties. Obviously, the basic limitation on any network is the number of communication lines connected to a node and the maximum communication delay. These two parameters correspond to the degree (in/out degree) of the corresponding vertex and to the diameter of the (di)graph, respectively.
From now on, by graph we will mean a graph, which is finite, connected and simple (i.e. undirected, without loops and multiple edges). In graph theory, the problem to find the largest order n(d, k) of a graph with given maximum degree d and diameter k is known as degree-diameter problem. The well known upper bound on the number n(d, k) is Moore bound which gives n(d, k)
The graphs satisfying the Moore bound are known as Moore graphs. Except k = 1 or d ≤ 2 there are only few graphs achieving the Moore bound. For k = 1, d ≥ 1 we have n(d, 1) = d + 1 (achieved by complete graphs K d+1 ) and for d = 2, k ≥ 1 we have n(2, d) = 2d + 1 (odd-length cycles C 2k+1 ). In [8] Hoffman and Singleton proved that for k = 2 there exists Moore graph only for degrees d ∈ {2, 3, 7} and (maybe) for d = 57. For the first three values of d the corresponding Moore graph is unique. It is the 5-cycle C 5 for d = 2, Petersen graph for d = 3 and Hoffman-Singleton graph for d = 7. Until now it is not known yet if a Moore graph of degree d = 57 and diameter k = 2 on 3250 vertices does exist. However, it was shown by Cameron [4] that if there is a Moore graph for d = 57 and k = 2, the graph is not vertex-transitive, in contrast to the fact that the other Moore graphs are vertex-transitive. In addition, Mačaj and Širáň proved [9] that the order of the automorphism group of the (hypothetical) Moore graph is at most 375. It was shown by Damerell [6] that for d ≥ 3 and k ≥ 3 there is no Moore graph. That is for other combinations of degrees and diameters there are no other Moore graphs. For a summary on the history and development on this topic we refer to survey paper of Miller and Širáň [11] .
The Moore bound for diameter two is n(d, 2) ≤ d 2 + 1, and it was shown by Erdös, Fajtlowicz and Hoffman [7] that for d ≥ 4, d = 7 and d = 57, the bound is
is given by Brown's graphs [3] for all d such that d − 1 is a prime power and i = 2 for d − 1 even and i = 1 for d − 1 odd. A modification of Brown's graphs constructed by Širáň, Šiagiová and Ždímalová [15] gives the lower bound n(d, 2) ≥ d 2 − 2d 1.525 for all sufficiently large d. Since neither the Brown's graphs nor their modification are vertex-transitive, it is a natural question to ask what is the maximum number of vertices of a vertex-transitive graph or a Cayley graph of diameter two and degree d. These numbers we will denote by v(d, 2) and C(d, 2), respectively. As the Cayley graphs are vertex-transitive, we have
Currently, the best known construction of vertex-transitive graphs are McKayMiller-Širáň graphs [10] which give v(d, 2) ≥ 2 , for degrees d = 1 2 (3q − 1) such that q ≡ 1 (mod 4) is a prime power. In the same paper the authors have shown that all these graphs are non-Cayley.
For Cayley graphs we have the following results. Until recently, the best known lower bound valid for all degrees d there was a folklore bound giving
for odd d. Šiagiová and Širáň in [13] constructed Cayley graphs of diameter two and of order
2 for all degrees d = 2q − 1 where q is an odd prime power and the same authors gave a construction [14] of Cayley graphs of diameter two and of order
2 ) for an infinite set of degrees d of a very special type. Very recently Abas [1, 2] has shown that for all degrees d ≥ 4 we have
2 . In this contribution we show that for every degree d = 17n − 1, n ≥ 1, such that n ≡ 1 (mod 10) is a prime, there is a Cayley graph of diameter two and of order
2 . Using explicit estimates for the distribution of primes in arithmetic progressions we show that for every d ≥ 360756 there is a Cayley graph of diameter two and of order greater than 0.684d
2 . This is a significant improvement of the known results valid for all degrees. In addition, we show that our construction provides infinitely many currently largest known Cayley graphs of diameter two.
Preliminaries
Let Γ be a finite group and let X ⊂ Γ be a unit-free, inverse-closed generating set for Γ. That is, 1 Γ ∈ X, X = X −1 and Γ = X . The Cayley graph G = Cay(Γ, X) for the underlying group Γ and the generating set X is a graph with vertex set V (G) = Γ and edge set E(G) = {{g, h}|g ∈ Γ, g −1 h ∈ X}. Since the set X is inverse closed, g −1 h ∈ X imply h −1 g ∈ X and therefore our Cayley graphs are undirected. Note that the mapping ϕ h : V (G) → V (G) defined by ϕ h (g) = hg, g ∈ V (G) = Γ, is a graph automorphism for each h ∈ Γ. It follows that every Cayley graph is vertex-transitive.
Throughout this paper, we will denote by Z n the cyclic group of order n, by Z 2 n = Z n ×Z n the direct product of Z n with itself, and by Z × n the multiplicative group of units modulo n. We will write the cyclic group Z n as an additive group with elements 0, 1, . . . , n − 1, with identity element 0 and with −x as the inverse element to x. The elements of Z 2 n will be written in the form (x, y), x, y ∈ Z n , and the product of two elements of Z 2 n will be (x 1 , y 1 )·(x 2 , y 2 ) = (x 1 +x 2 , y 1 +y 2 ). Let α ∈ Z × n and let A : Z × n ′ , say k, then the groups ∆(n, α) and ∆(n ′ , α ′ ) are isomorphic. Therefore the structure of ∆(n, α) depends only on the order k of α in Z × n and we will write it simply as ∆ k . The group ∆ k has a presentation
One can see that this group is isomorphic to the group ∆ k via the mapping A → a, BAB → b and B → c. Elements of the group a, b, c can be written in the form (x, y, i), where x, y ∈ Z k and i ∈ Z 2 . Therefore the group ∆ k is isomorphic to semidirect product of
where the non-identity element of Z 2 interchanges the coordinates of elements of Z 2 k . We will write the elements of ∆ k as triples (x, y, i), where x, y ∈ {0, 1, . . . , k − 1} and i ∈ {0, 1}. The product of two elements of ∆ k is given by
, where the first two coordinates are taken modulo k and the last coordinate is taken modulo 2. The inverse element to
Clearly, the order of the group ∆ k is 2k 2 . Let α ∈ Z × n have order k. We will denote the semidirect product Z 2 n ⋊ α ∆ k by the symbol Γ(n, α) (obviously, Γ is uniquely determined by n and α). For the automorphisms a, b, c ∈ ∆ k of Z 2 n then we have: a : (x, y) → (αx, y), b : (x, y) → (x, αy) and c : (x, y) → (y, x). It is easy to see that the order of the group Γ(n, α) is 2n 2 k 2 . We will write the elements of Γ(n, α) as
, for the product of two elements of Γ(n, α) we have
where the first two coordinates are taken modulo n, the second two are taken modulo k and the last coordinate is taken modulo 2.
In the following two lemmas we show that prime numbers of the form p ≡ 1 (mod 10) have some special properties. We will need the lemmas in the proof of Theorem 1. Lemma 1. Let p = 10s + 1, s ≥ 1, be a prime number. Then there exists an integer α, 1 < α < p − 1, such that:
Proof. Let a be a primitive root of p. The multiplicative order of a modulo p is equal to ϕ(p) = 10s (note that ϕ(n) is the Euler's totient function -the number of positive integers less than or equal to n that are relatively prime to n). Let α = a s . Since α 2 = a 2s ≡ 1 (mod p), or equivalently gcd(α 2 − 1, p) = 1, we have α ≡ ±1 (mod p) and consequently 1 < α < p − 1. We claim that α has the required properties i), ii), iii) and iv).
It follows immediately from the fact that α is a power of a primitive root of p.
and consequently α 2i ≡ 1 (mod p), for 2i = 6 or 8, which is a contradiction with the definition of α.
, and p is a prime, it follows that α 5 ≡ −1 (mod p).
Lemma 2. Let p and α be as in the previous lemma and let
Then every element of Λ is coprime with p.
Proof.
1) Let λ ∈ Λ 1 . Since 2, −2 and α i , −α i are coprimes with p, the result follows. 2) Let λ ∈ Λ 2 and let j = 0. That is λ = ±α i ± 1. It follows from the previous lemma that gcd(λ, p) = 1.
3) Let i, j > 0 and let (without loss of generality)
Since both factors of the product are coprime with p, the lemma is proven.
We will use Corollary 2 of the following lemma in the proof of Theorem 1. 
Proof. It follows from Corollary 1.
Results
For the rest of this paper, P will denote the set of all primes of the form p ≡ 1 (mod 10). Proof. Let n = p > 1 and α be as in Lemma 1. Let Γ = Γ(n, α) = Z 2 n ⋊ α ∆ 10 and for x ∈ Z n we set a(x) = (x, x; 5, 0, 0), b(x) = (x, −x; 0, 0, 1), c(x) = (x, x; 1, 0, 1), d(x) = (x, 0; 5, 0, 1), e(x) = (x, α 3 x; 1, 3, 1), f (x) = (x, x; 1, 7, 1), g(x) = (0, x; 5, 2, 1), h(x) = (x, αx; 3, 2, 0) and k(x) = (x, αx; 4, 1, 0). We can see that a −1 (x) = (x, −x; 5, 0, 0),
|x ∈ Z n } and let G = Cay(Γ, X) be the Cayley graph for the underlying group Γ and the generating set X. Since b(x) = b −1 (x) for each x ∈ Z n , and a(x) = a −1 (x) exactly when x = 0, the set X has 17n − 1 elements. As the group Γ has order |Γ| = 2n 2 · 10 2 = 200n   2 and the degree of G is d = 17n − 1, the corresponding Cayley graph has order
2 . Now let a set S ⊂ ∆ 10 consists of elements (i, j, 0) such that i = 0, 0 ≤ j ≤ 5; 1 ≤ i ≤ 5, 0 ≤ j ≤ 10 − i; 6 ≤ i ≤ 8, 1 ≤ j ≤ 9 − i and of the elements (i, j, 1) such that i = 0, j = 0 and 1 ≤ i ≤ 9, 0 ≤ j ≤ 10 − i. We can see that S ∪ S −1 = ∆ 10 . Since the generating set X is inverse-closed, to prove that G has diameter two, it is sufficient to show that every element of Γ of the form (x, y; s), x, y ∈ Z n , s ∈ S can be generated as a product of two elements from X. For every s ∈ S we show that there is g 1 (x), g 2 (x) ∈ X (see Corollary 2) such that the determinant corresponding to the product g 1 (x) · g 2 (y) is coprime with n.
For the product of a(x) and a(y) we have a(x)·a(y) = (x, x; 5, 0, 0)·(y, y; 5, 0, 0) = (x + α 5 y, x + y; 0, 0, 0) = (x − y, x + y; 0, 0, 0). We have to show that for any (u, v) ∈ Z 2 n there is x, y ∈ Z n such that (x − y, x + y) = (u, v). Since the determinant D = 1 −1 1 1 = 2, it is coprime with n, and therefore the system x−y = u and x + y = v has a (unique) solution for each (u, v) ∈ Z 2 n . In the table below we can see how to generate the other elements of Γ.
Product of generators Determinant

1.
a(x)·a(x) = (x − y, x + y; 0, 0, 0) 
12.
c(x)·c(y) = (x + αy, x + y; 1, 1, 0)
14.
e(x)·b(y) = (x − αy, α 3 x + α 3 y; 1, 3, 0) 
30.
f (x)·g(y) = (x + αy, x; 3, 2, 0)
33.
c(x)·g(y) = (x + αy, x, ; 3, 5, 0) 
43.
g(x)·b(y) = (y, x + α 2 y; 5, 2, 0)
49. e(x)·d −1 (y) = (x + αy, α 3 x; 6, 3, 0)
c(x)·f (y) = (x + αy, x + y; 8, 1, 0)
59.
a(x)·c(y) = (x − y, x + y; 6, 0, 1)
We can see that all the determinants are from the set Λ (Lemma 2), that is, coprime with n. For n = 1 the group Γ consists of elements (0, 0; s), s ∈ ∆ 10 and the corresponding Cayley graph G = Cay(∆ 10 , X) has diameter two, degree 16 and order 200, which gives |G| = 0.78125d 2 .
In the following lemma we use explicit estimates for the distribution of primes in arithmetic progressions to show that in a "short" interval there is always a prime p of the form p = 10s + 1. We will need the lemma in the proof of Main Theorem 2.
Lemma 4. Let x be any real number x ≥ 21221. Then there is a prime p of the form p = 10s + 1 such that p ∈ (x; 1.0055856x .
Proof. We will prove the lemma separately for i) x ≥ 10 10 , ii) 4.2·10 6 ≤ x ≤ 10 10 and iii) 21221 ≤ x ≤ 4.2 · 10 6 . In the proof of i) and ii) we follow the paper [5] which is based on the work [12] . As usual, let θ(x) denote the first Chebyshev function defined by θ(x) = p≤x log p, where the sum is over all primes not exceeding x. If k and l are relatively prime and l ≤ k the function θ(x; k, l) is defined as θ(x; k, l) = p≤x p≡l (mod k) log p.
( 1) i) Let x ≥ 10 10 . Theorem [12, Theorem 1] says that for each positive real number x and for each coprime k, l, l ≤ k, there is an ǫ = ǫ(x, k) such that
The values of ǫ for various quantities of x and k are given by [12, Table 1 ]. From the previous inequality it follows that
Now let δ ≥ 0, let
. We see that if
then θ ′ − θ > 0 and consequently the interval (x, x ′ contains a prime p ≡ l (mod k). Solving the inequality (4) one can obtain δ > Table 2 ]) the inequality
From (5) we get inequalities 
Conclusion and remarks
We have given a construction of Cayley graphs of diameter two with C(d, 2) ≥ cd 2 for every degree d, where c > 0 is a positive constant. Let D be a degree, for which a Cayley graph constructed in [14] is defined. From the analysis in [1] it follows, that in the interval (D; 2D) the construction with "c" gives better results for degrees d ∈ (
. It follows that (roughly speaking) the ratio of number of better results for "c-construction" to the number of all constructions (up to a degree 2 s+1 D) is given by ) which is approximately (0.66378; 0.797918). Below we can see the table of intervals of degrees (the computation was performed by GAP) for which our construction gives better results as the construction in [14] . In the second and third column of the table there is the ratio of the number of degrees when our construction gives better results as those in [14] Table 2 : The numerical results for numbers of degrees when our construction is better as that in [14] 
